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Toroidal dipole, first described by Ia. B. Zeldovich [Sov. Phys. JETP 33, 1184 (1957)], is a distinct
electromagnetic excitation that differs both from the electric and the magnetic dipoles. It has a
number of intriguing properties: static toroidal nuclear dipole is responsible for parity violation
in atomic spectra; interactions between static toroidal dipole and oscillating magnetic dipole are
claimed to violate Newton’s Third Law while non-stationary charge-current configurations involving
toroidal multipoles have been predicted to produce vector potential in the absence of electromagnetic
fields. Existence of the toroidal response in metamaterials was recently demonstrated and is now a
growing field of research. However, no direct analytical link has yet been established between the
transmission and reflection of macroscopic electromagnetic media and toroidal dipole excitations.
To address this essential gap in electromagnetic theory we have developed an analytical approach
linking microscopic and macroscopic electromagnetic response of a metamaterial and showed, using
a case study, the key role of the toroidal dipole in shaping the electromagnetic properties of the
metamaterial.
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Figure 1: The members from the three families of dynamic multipoles up to third order. The three columns
on the left show the charge-current distribution that give rise to the leading multipoles up to the third order. The included
multipoles are the electric (p), magnetic (m) and toroidal (T) dipoles, electric (Q(e)), magnetic (Q(m)) and toroidal (Q(T))
quadrupoles as well as the electric (O(e)) and magnetic (O(m)) octupoles. The toroidal dipole (T), is created by the oscillating
poloidal current - the current that flows along the meridians of a torus. The next member of the toroidal multipole family,
the toroidal quadrupole (Q(T)), is created by the anti-aligned pairs of toroidal dipoles. The column on the right shows the
patterns of radiation (i.e. intensity as a function of direction) emitted by the various harmonically oscillating multipoles (for
quadrupoles, only the radiation associated with the off-diagonal component of the second-rank quadrupole moment tensor is
shown, for octupoles only the radiation associated with the component of the third-rank octupole moment tensor with two
repeated indices and the third distinct index is shown).
The discovery of the toroidal dipole can be traced
back to Zel’dovich’s original work1 in 1957. It is the
first member of the toroidal multipole family and is cre-
ated by the currents flowing along the meridians of a
torus (see Fig. 1). Since the discovery, the toroidal
dipoles have been used to test the Standard Model2,
demonstrate strong optical activity3, and negative index
of refraction4. The combination of dynamic magnetic
and static toroidal dipoles has been predicted to violate
Newtons Third Law5, whilst different opinions exist on
whether the combination of dynamic electric and toroidal
dipoles could lead to a non-radiating configuration, which
emits no electromagnetic radiation despite being a source
of propagating, non-trivial (un-removable by any gauge
choice) vector potential6–9. Following the recent experi-
mental demonstration of the toroidal dipole response in
metamaterials10, the interest in this topic has been grow-
ing rapidly9,11–16 despite the lack of theory linking the
microscopic toroidal electrodynamics to macroscopic ob-
servables such as transmission and reflection. In this pa-
per we develop a fully analytical formalism to fill this
gap.
The electromagnetic properties of media are gener-
ally described in terms of macroscopic material parame-
ters (such as, for example, dielectric permittivity  and
magnetic permeability µ) that through constitutive rela-
tions establish a connection between the media’s macro-
scopic response and microscopic charge-current excita-
tions induced by the electromagnetic fields in media’s
constituents, i.e. atoms or molecules17. Such descrip-
tion is being also applied to the so-called metamaterials,
man-made material composites with exotic electromag-
netic properties achieved through structuring on the sub-
wavelength scale18–20. However, obtaining effective ma-
3terial parameters for the metamaterials is not straight-
forward and often impossible due to their structural in-
homogeneity and strong spatial dispersion21,22.
Here we present a formalism that allows one to calcu-
late the transmission and reflection of two-dimensional
metamaterials (as well as the films of sub-wavelength
thickness made from conventional materials) based di-
rectly on the multipolar decomposition of the microscopic
charge-current excitations, thus avoiding the need for
introducing the effective material parameters. Similar
problem of calculating the scattered radiation from ar-
rays of metallic resonators have been addressed in the
past using Fast Multipole Method (FMM)23–27, and pe-
riodic Green’s functions for the Helmholtz equation28–30.
What makes our approach different, is that it yields ex-
pressions sufficiently compact to be suitable not only for
computer-aided calculations (like FMM), but also for the
purely analytic evaluation. At the same time our ap-
proach accounts not only for the conventional multipoles
but also for the elusive toroidal multipoles (see Fig. 1).
By applying the derived formalism to a test case study
metamaterial, we show that characterization of the elec-
tromagnetic response of a certain class of structures is
greatly enhanced by taking the toroidal multipoles into
account.
We will now proceed to deriving a general expres-
sion for the electromagnetic field scattered by a two-
dimensional array of identical charge-current excitations
that are represented by a finite series of dynamic multi-
poles. For the case of a passive materials (and metama-
terials), these multipoles would be induced by normally
incident plane wave. We assume that the multipole mo-
ments can either be extracted from the numerical simu-
lation of the induced currents, or can be calculated from
the anticipated dynamics of charge and current densi-
ties induced in the meta-molecules of a particular ge-
ometry by the incident radiation31–35. In the interest
of brevity only the key steps of the derivation will be
demonstrated by finding the expression for the radiation
from a two-dimensional sub-wavelength array of toroidal
dipoles, before giving the full expression that includes all
lower-order multipoles.
We start from the far-field distribution of the electric
field radiated by a single oscillating toroidal dipole, which
has been derived by Radescu & Vaman in36 (also see
Appendix):
E(r) =
−iµ0c2k3
3
√
2pi
· exp (−ikr)
r
·
·
∑
m=0,±1
T1m
[
Y1,2,m +
√
2Y1,0,m
]
(1)
T 1,±1 =
1√
2
(∓Tx + iTy) (2)
T1,0 = Tz (3)
T =
1
10c
ˆ
d3r
[
r (r.J)− 2r2J] (4)
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Figure 2: Calculating scattering from a two-
dimensional planar array of toroidal dipoles. A single
toroidal dipole is represented by its radiation pattern. The
vectors connecting the dipole to the observer and to the origin
of the array are r and ρ, respectively. The observer is located
at distance R from the array. The vector R is perpendicular
to the array plane. The position of the observer relative to
the dipole in spherical polar coordinates is (r, θ, φ).
Here µ0 is the magnetic permeability of vacuum, c is
the speed of light, r is the vector connecting the loca-
tion of the dipole with the observer and Yl,l′,m are the
spherical vector harmonics that allow to represent any
vector field on the surface of the unit sphere in the same
way as spherical harmonics allow to represent any scalar
field on the surface of the unit sphere36–38. The (Carte-
sian) toroidal dipole is denoted by T, whilst J is the
current density that gives rise to dipole. Unlike Vaman
& Radescu36, we are using the SI units and assume har-
monic time-dependence specified by ∼ exp(+iωt), where
ω is the angular frequency and k = 2pi/λ = ω/c is the
wavenumber.
The total field radiated by an infinitely large planar
array of toroidal dipoles (Es) is obtained by summing the
contributions from all the dipoles at the position of the
observer. As stated above, we assume that all the dipoles
oscillate in phase (i.e. the multipole array is induced by
the plane wave at normal incidence), and that the unit
cell of the array is smaller than the wavelength. The
latter assumption allows to replace the sum over the unit
cells with an integral over the array area (∆2 denotes the
area of the unit cell).
Es =
∑
r
E(r) ≈ 1
∆2
ˆ
d2rE(r) (5)
We choose to work in the coordinate system where
the array of dipoles lies in the xy-plane and the inci-
dent/scattered radiation propagates along the z-axis (see
Fig. 2). Explicit evaluation of the relevant spherical vec-
4tor harmonics produces36:
Y1,2,±1 +
√
2Y1,0,±1 =
=

±
√
3
10Y2,±2 ∓
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1
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−i
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3
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−
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3
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√
3
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3
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3
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The vectors are presented in the Cartesian basis with
column entries indicating the x-, y- and z-components
(from top to bottom respectively), Yl,m are the standard
spherical harmonics36. The basic integral that needs to
be calculated in Eq. (5), after substitution of Eq. (1), is:
Il,m =
ˆ
d2r Yl,m exp (−ikr) /r (6)
By assuming that the propagation of radiation occurs
in space with losses, i.e. =(k) < 0, and by focusing on the
far-field component of radiation, i.e. by assuming that
the distance between the observer and the dipole array
is significantly larger than the wavelength of radiation
R λ, one can show that (see Appendix):
Il,m u
piδm,0
(
Rˆ.zˆ
)l
ik
·
√
2l + 1
pi
· exp (−ikR) (7)
where Rˆ = R/R (see Fig. 2). Substitution of Eq. (1)
into Eq. (5) and use of Eq. (7) allows to derive:
Es =
µ0c
2k2
4∆2
·
√
2 ·
 T1,1 − T1,−1i (T1,1 + T1,−1)
0
 · exp (−ikR)
Further simplification produces the final form:
Es = −µ0c
2k2
2∆2
T‖ exp (−ikR) (8)
where T‖ = T − (T.Rˆ)Rˆ denotes the projection
of toroidal dipole into the plane of the array (T‖ =
(Tx, Ty, 0)
T
for the coordinate system as in Fig. 2). Rep-
etition of the derivation given above for other multipoles
results in:
Es =
µ0c
2
2∆2
·
[
−ikp‖ + ikRˆ×
(
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2
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‖
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3
180
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)
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‖
]
·
· exp (−ikR) (9)
Equation (9) describes electric field emitted by an in-
finitely large two-dimensional array of meta-molecules
(or any sub-wavelength emitters) with induced oscilla-
tions of charge-current density approximated by first 8
dynamic multipoles. It contains 10 terms correspond-
ing to the electric (p), toroidal (T) and magnetic (m)
dipoles, electric (Q(e)), magnetic (Q(m)) and toroidal
(Q(T)) quadrupoles, electric (O(e)) and magnetic (O(m))
octupoles, and the so-called mean square radii of toroidal
(T(1)) and magnetic (m(1)) dipoles, which are the lowest-
order corrections retained to account for the finite size of
the meta-molecules36. Further multipole contributions
to the radiation by an array can be found in the same
way.
Using Eq. (9), the radiation transmitted and reflected
by the two-dimensional array, when it is subjected to illu-
mination by normally incident plane wave, can be found
from:
Ereflected = [Es] Rˆ=−kˆ
Etransmitted = [Es] Rˆ=kˆ +Eincident
where kˆ = k/k points in the direction of propagation
of the incident radiation.
Below we will illustrate application of our approach for
calculation of electromagnetic response of a metamaterial
designed to exhibit strong toroidal resonance in the mid-
IR part of the spectrum. The unit cell of the metamate-
rial array, shown in Fig. 3, contains a three-dimensional
complex-shaped gold meta-molecule with the main fea-
tures of the four-split-ring design proposed by Kaelberer
et al.10. The current design was optimized for the novel
metamaterial fabrication technique SAMPL39, resulting
in each of the four split rings being replaced with a
pair of split rings of highly asymmetric shape, to re-
duce the effect of losses and maximize the contribution
of the toroidal dipole moment. The transmission and
reflection of the array of such meta-molecules were sim-
ulated in 14.5µm − 23.5µm wavelength range (see Ap-
pendix for material constants) using full 3D Maxwell’s
equations solver (COMSOL Multiphysics 3.5a). The nu-
merical model also provided data on spatial distribution
of the current densities, which were used to calculate dy-
namic multipole moments induced in each meta-molecule
(see Appendix).
The simulated transmission and reflection spectra are
shown in Fig. 4a,b as solid curves, revealing two distinct
resonances located at around 21.0µm and 17.4µm. The
numerical spectra are very well matched by the results
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Figure 3: The unit cell of the test case toroidal meta-
material. The metamaterial is created by translating the
unit cell along the xˆ and yˆ directions. The unit cell consists
of four pairs of gold split-ring resonators that are embedded
in the SU-8 polymer. The metamaterial is driven by the radi-
ation propagating along the zˆ-axis and polarized along yˆ-axis.
The configuration of the magnetic field that gives rise to the
toroidal dipole response in the metamaterial is schematically
illustrated with green field-lines.
of the multipole calculations described above (see dashed
curves in Fig. 4a). Small discrepancies are attributed to
somewhat limited accuracy of extracting the induced cur-
rent distribution from the numerical model. The shorter-
wavelength resonance corresponds to strong toroidal re-
sponse, which is confirmed by our analysis of the mul-
tipole scattering presented in Fig. 4c (only four leading
multipoles are shown). It shows that, for each meta-
molecule, the power scattered by the induced toroidal
dipole at 17.4µm is more than three times larger than
the contribution from any standard multipole, and there-
fore toroidal dipole excitation must play the key role in
forming the metamaterial macroscopic response at this
wavelength. This can be verified directly by excluding
the toroidal dipole moment from the multipole-based cal-
culations of the transmission and reflection. As one can
see from Fig. 4b the correct replication of the resonant
features is simply not possible in the frame of the stan-
dard multipole expansion, and the notion of the toroidal
dipole is thus crucial for the correct interpretation of the
macroscopic response of metamaterial.
In conclusion, we developed a fully analytical formal-
ism that allows calculating the transmission and reflec-
tion properties of thin sheets of metamaterials and ma-
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Figure 4: Macroscopic response of the test case
toroidal metamaterial. The response of the metamaterial
on Fig. 3 has been modeled using the realistic material con-
stants for gold and SU-8 polymer (see Appendix). (a) Trans-
mission (T ; blue) and reflection (R; red) of the metamaterial.
The solid curves (T , R) are obtained directly from numerical
solution of Maxwell’s equations, dashed curves (T mult, Rmult)
are obtained using Eq. (9), from the multipole moment rep-
resentation of each meta-molecule of the metamaterial. (b)
The comparison of the directly calculated metamaterial trans-
mission and reflection (T , R; solid curves) to the response
obtained from multipoles but without the input of toroidal
dipole (Tno tor. dip., Rno tor. dip.; dash-dot curves). (c) Inten-
sity of the radiation scattered back (i.e. reflected) by each of
four leading multipoles when placed in an array (p-electric
dipole, m-magnetic dipole, T-toroidal dipole, Q(e)-electric
quadrupole). The radiation intensity in all three plots is nor-
malized with respect to incident radiation (that induces the
multipoles).
terial composites, based on the dynamic multipole de-
composition of charge-current densities induced in their
structure by an incident electromagnetic wave. Further
to the derived formalism, we provided a case study which
proved that the contribution of the toroidal dipole is cru-
cial for the correct interpretation of the reflection and the
transmission spectra of a certain class of metamaterials.
Our findings demonstrate that the toroidal dipole may be
dominant in the response of the electromagnetic media,
and therefore cannot be treated simply as a high-order
6correction to the electric or magnetic multipoles.
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Appendix
Integral involving the Spherical Harmonics - Il,m
Here we will derive the Eq. (7). At the core of the
derivation lies the evaluation of the following integral:
ˆ ∞
R
dr
(
R
r
)q
exp (−ikr) u exp (−ikR)
ik
, = (k) < 0
(10)
The case q = 0 can be found by the direct integration.
Higher order cases can be evaluated by relating them to
the exponential integrals. Abramowitz and Stegun40 de-
fine the exponential integral as (Eq. (5.1.4) of Ref. [40]):
En(z) =
ˆ ∞
1
dt
exp (−zt)
tn
, n = 0, 1, 2, ... < (z) > 0
We are interested in the asymptotic expansion of the
En(z) for the case of large z given in Eq. (5.1.51) of
Ref. [40]:
lim
z→∞En(z) u
exp (−z)
z
(1−O (1/z)) , |arg (z)| < 3
2
pi
Equation (10) can therefore as be evaluated as follows:
ˆ ∞
R
dr
(
R
r
)q
exp (−ikr) = R · Eq(ikR) u
u R · exp (−ikR)
ikR
· (1−O (1/kR))
Note that =(k) < 0 implies <(ikR) > 0 and
|arg(ikR)| < pi/2. Up to order O (1/kR) or, equivalently,
up to O (λ/R), the expression becomes:
ˆ ∞
R
dr
(
R
r
)q
exp (−ikr) u exp (−ikR)
ik
We now turn our attention to Eq. (6):
Il,m =
ˆ
d2r Yl,m(θ, φ) exp (−ikr) /r
y y
x
x
'
multi-
pole
plane
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multi-
pole
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Figure 5: The difference between φ and φ′. Angle φ is
defined in the coordinate frame of a multipole under consid-
eration, whilst the angle φ′ is defined in the coordinate frame
of the multipole array (also see Fig. 2). The observer (see
Fig. 2) is located directly above the origin of the array.
The integration is understood to be over the area of
the array of multipoles as shown in Fig. 2. The position
of each multipole in the plane of the array is given by ρ,
the distance between the centre-point of the array and the
considered multipole, and φ’ the angle between the x-axis
and the vector connecting the centre-point of the array
and the multipole in question. There is also another angle
φ that belongs together with r and θ, and denotes the
position of the observer relative to the multipole under
consideration (see Fig. 2). It is convenient to place the
origin of the multipole array directly below the observer.
In this case the the relation between φ and φ′ takes a
simple form φ = φ′ + pi, up to a full rotation around
2pi. Figure 5 helps to visualize the two angles. The same
choice of origin establishes the relation r2 = ρ2 +R2.
One can now rewrite the integral in more accessible
way:
Il,m =
ˆ 2pi
0
dφ′
ˆ ∞
0
ρdρ Yl,m (θ, φ
′ + pi)
exp (−ikr)
r
From r2 = ρ2 +R2 it follows that r dr = ρ dρ, so
Il,m =
ˆ 2pi
0
dφ′
ˆ ∞
R
rdr Yl,m (θ, φ
′ + pi)
exp (−ikr)
r
= (−1)m+m
√
2l + 1
4pi
(l −m)!
(l +m)!
·
·
ˆ
dφ′ exp (imφ′)
ˆ ∞
R
dr Pml (cos θ) exp (−ikr)
In the last step, we have expanded the spherical har-
monic following the convention used by Arfken and We-
ber (see Chapter 12.6 in Ref. [41]), and substituted
exp (im (pi + φ′)) = (−1)m exp (imφ′). Here the Pml de-
notes the Associated Legendre Functions. The expres-
sion above is simplified considerably by the fact that the
integral over φ′ is non-zero only for m = 0:
Il,m = piδm,0
√
2l + 1
pi
ˆ ∞
R
dr Pl (cos θ) exp (−ikr)
7Above we have used P 0l (x) = Pl(x) to replace the As-
sociated Legendre Functions with Legendre Polynomials
(respectively). From Fig. 2 it follows that cos θ = R/r
for R = Rzˆ, and cos θ = −R/r for R = −Rzˆ, thus
cos θ =
(
Rˆ.zˆ
)
× R/r. Using the parity property of Leg-
endre Polynomials (Eq. (12.37) in Ref. [41]) one obtains
Pl (cos θ) =
(
Rˆ.zˆ
)l
Pl (R/r). Being a polynomial Pl(x)
can be expressed as power series Pl(x) =
∑∞
s=0 a
(l)
s xs,
the integral then becomes (with use of Eq. (10)):
Il,m = piδm,0
√
2l + 1
pi
(
Rˆ.zˆ
)l
·
·
∞∑
s=0
a(l)s
ˆ ∞
R
dr
(
R
r
)s
exp (−ikr) u
u piδm,0
√
2l + 1
pi
(
Rˆ.zˆ
)l ∞∑
s=0
a(l)s ·
·
(
exp (−ikR)
ik
+O (λ/R)
)
Finally, one uses the normalization of the Legendre
Polynomials to eliminate the sum Pl(1) = 1 =
∑∞
s=0 a
(l)
s
(Eq. (12.31) in Ref. [41]). Thus
Il,m u
piδm,0
(
Rˆ.zˆ
)l
ik
·
√
2l + 1
pi
· exp (−ikR)
which completes the derivation.
Multipole decomposition of the radiation from a
localized source
To derive the formula for the electric field radiated by
the array of multipoles (see Eq. (9)) we have used the ex-
pression for the radiation emitted by the single multipole
sources provided by Radescu and Vaman (see Eq. (3.15)
in Ref. [36]). Here we will give the truncated series for
the electric field emitted by the multipole sources, in
the SI units, and for the complex-valued harmonic time-
dependence of the source (∼ exp (+iωt)).
Due to large number of terms it is convenient to sep-
arate the series into different orders of l. The l = 1
sub-series then contain the dipolar contributions:
E(l=1) ≈ µ0c
2
3
√
2pi
· exp (−ikr)
r
·
∑
m=0,±1
[
(
k2Q1,m − ik3T1,m + ik5T (1)1,m
)
·
·
(
Y1,2,m +
√
2Y1,0,m
)
+
+i
√
3
(
k2M1.m − k4M (1)1,m
)
·Y1,1,m
]
l = 2 sub-series contain the quadrupolar contributions:
E(l=2) ≈ µ0c
2
10
√
6pi
· exp (−ikr)
r
·
∑
m=0,±1,±2
[
(
ik3Q
(e)
2,m + k
4Q
(T )
2,m
)
·(√
2Y2,3,m +
√
3Y2,1,m
)
−
−
√
5k3Q
(m)
2,mY2,2,m
]
l = 3 sub-series contain the octupolar contributions:
E(l=3) ≈ − µ0c
2k4
15
√
3pi
· exp (−ikr)
r
·
∑
m=0,±1,±2,±3
[
1
7
O
(e)
3,m ·
(√
3Y3,4,m + 2Y3,2,m
)
+
+
i√
7
O
(m)
3,mY3,3,m
]
The total field emitted is given by:
E = E(l=1) +E(l=2) +E(l=3) + (l > 3 sub-series)
The series given above are truncated at order k4,
but the first-order correction for the toroidal dipole
(T
(1)
1,m), of order k
5, is also included to avoid errors in
the spectral range where toroidal dipole dominates (see
Fig. 4). The other k5 terms that can be included are
the toroidal octupole, the electric and magnetic hexade-
capoles (l = 4), and the first-order correction to the mag-
netic quadrupole.
One may notice, that no correction terms for the elec-
tric dipoles have been included. Radescu and Vaman36
have shown that the correction terms for the electric mul-
tipoles do not contribute to the far-field radiation emit-
ted by arbitrary localized charge-current density distribu-
tions. The correction terms for the magnetic and toroidal
multipoles, by contrast, do contribute.
Integrals for finding the leading multipoles from a
current distribution
The expressions we have used to calculate the multi-
pole moments from the current density distribution are
those given by Radescu and Vaman36. We will repeat
them here for convenience. Note that the electric and
magnetic multipoles are exactly the same as the ones
given in the standard texts on electrodynamics17 (apart
from the different normalization constants).
Cartesian multipoles are computed by integrating over
the charge density (ρ(r)) or current density (J(r)) distri-
bution within the unit cell (α, β, γ = x, y, z):
pα =
ˆ
d3r ρ rα =
1
iω
ˆ
d3r Jα
8mα =
1
2c
ˆ
d3r [r× J]α
m(1)α =
1
2c
ˆ
d3r [r× J]α r2
Tα =
1
10c
ˆ
d3r
[
(r.J) rα − 2r2Jα
]
T (1)α =
1
28c
ˆ
d3r
[
3r2Jα − 2rα(r.J)
]
r2
Q
(e)
α,β =
1
2
ˆ
d3r ρ
[
rαrβ − 1
3
δα,βr
2
]
=
=
1
i2ω
ˆ
d3r
[
rαJβ + rβJα − 2
3
δα,β (r.J)
]
Q
(m)
α,β =
1
3c
ˆ
d3r [r× J]α rβ + {α↔ β}
Q
(T )
α,β =
1
28c
ˆ
d3r
[
4rαrβ (r.J)− 5r2(rαJβ + rβJα) +
+2r2 (r.J) δα,β
]
O
(e)
α,β,γ =
1
6
ˆ
d3r ρ rα
(
rβrγ − 1
5
r2δβ,γ
)
+
+ {α↔ β, γ}+ {α↔ γ, β}
=
1
i6ω
ˆ
d3r
[
Jα
(
rβrγ − r
2
5
δβ,γ
)
+
+rα
(
Jβrγ + rβJγ − 2
5
(r.J)δβ,γ
)]
+
+ {α↔ β, γ}+ {α↔ γ, β}
O
(m)
α,β,γ =
15
2c
ˆ
d3r
(
rαrβ − r
2
5
δα,β
)
· [r× J]γ +
+ {α↔ β, γ}+ {α↔ γ, β}
For quadrupoles and octupoles a short-hand has been
used to improve clarity. For example:
´
d3r [r× J]α rβ+{α↔ β} ≡ ´ d3r [r× J]α rβ + ´ d3r [r× J]β rα, i.e. the
second term is obtained from the first term, with the ex-
changed positions of indices α and β. In case of octupoles
(for example):
1
6
ˆ
d3r ρ rα
(
rβrγ − 1
5
r2δβ,γ
)
+{α↔ β, γ}+{α↔ γ, β}
means that the second term is obtained from the first
term by exchanging α and β whilst leaving γ untouched.
The third term is, again, obtained from the first term,
but this time α and γ are exchanged, whilst β remains
untouched.
In the time-harmonic case there is no clear difference
between the conduction and displacement currents. In
simulations we have used J = iω0 (˜r − 1)E to find the
current density within the media, from the electric field
distribution E(r). The relevant quantities are: ω-angular
frequency, 0-free-space permittivity, c-speed of light, and
˜r-complex-valued dielectric constant (used to describe
both the dielectrics and metals).
The spherical multipoles are related to the Cartesian
multipoles through:
Q1,0 = pz, Q1,±1 = (∓px + ipy) /
√
2
M1,0 = −mz, M1,±1 = (±mx − imy) /
√
2
M
(1)
1,0 = −m(1)z , M (1)1,±1 =
(
±m(1)x − im(1)y
)
/
√
2
T1,0 = Tz, T1,±1 = (∓Tx + iTy) /
√
2
T
(1)
1,0 = −T (1)z , T (1)1,±1 =
(
±T (1)x − iT (1)y
)
/
√
2
Q
(e)
2,0 = 3Q
(e)
zz , Q
(e)
2,±1 =
√
6
(
∓Q(e)xz + iQ(e)yz
)
Q
(e)
2,±2 =
√
6
2
(
Q
(e)
xx ∓ i2Q(e)xy −Q(e)yy
)
Q
(m)
2,0 = −
3
2
Q(m)zz , Q
(m)
2,±1 =
√
3
2
(
±Q(m)xz − iQ(m)yz
)
Q
(m)
2,±2 =
√
6
4
(
−Q(m)xx ± i2Q(m)xy +Q(m)yy
)
Q
(T )
2,0 = Q
(T )
zz , Q
(T )
2,±1 =
√
2
3
(
∓Q(T )xz + iQ(T )yz
)
Q
(T )
2,±2 =
(
Q
(T )
xx ∓ i2Q(T )xy −Q(T )yy
)
/
√
6
O
(e)
3,0 = 15O
(e)
zzz
O
(e)
3,±1 = ∓ 15
√
3
2
(
O
(e)
zzx ± iO(e)yyy ± iO(e)xxy
)
O
(e)
3,±2 = −3
√
15
2
(
O
(e)
zzz + 2O
(e)
yyz ± i2O(e)xyz
)
O
(e)
3,±3 = ∓ 3
√
5
2
(
O
(e)
xxx − 3O(e)yyx ± iO(e)yyy ∓ i3O(e)xxy
)
O
(m)
3,0 = −O(m)zzz /12
O
(m)
3,±1 = ±
(
O
(m)
zzx ± iO(m)yyy ± iO(m)xxy
)
/8
√
3
O
(m)
3,±2 =
√
2
8
√
15
(
O
(m)
zzz + 2O
(m)
yyz ± i2O(m)xyz
)
O
(m)
3,±3 = ±
(
O
(m)
xxx − 3O(m)yyx ± iO(m)yyy ∓ i3O(m)xxy
)
/24
√
5
Material constants used in simulations
The constants of the materials used for simulations
have been measured and provided by Sandia National
Laboratories (US) in a private communication. An in-
frared variable angle spectroscopic ellipsometer (J. A.
Woolam) was used to measure Ψ and ∆, from which
the optical constants were derived. The same constants
have been used to model the response of the previously
demonstrated 3D cubic metamaterial based on SAMPL
technology39.
The refractive index of the SU8 polymer that housed
the gold split ring resonators (n˜ = n + ik; negative k
implies losses) is shown in Fig. 6. The dielectric constant
of the gold used for simulations is shown in Fig. 7 (˜r =
′r + i
′′
r ; negative 
′′
r implies losses).
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Figure 6: The refractive index of the polymer SU8
used for simulating the case-study metamaterial. The
complex-valued refractive index of SU8 is given by n˜ = n+ik.
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Figure 7: The dielectric constant of the gold used for
simulating the case-study metamaterial. The complex-
valued dielectric constant is given by ˜r = 
′
r + i
′′
r
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